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Abstract
In the present paper we consider a Sobolev inner product of the following type:
〈f(z); g(z)〉s =
∫ 2
0
f(ei)g(ei) d0() +
∫ 2
0
f′(ei)g′(ei) d1(); z = ei
with 0 a 7nite positive Borel measure on [0; 2] and 1 a measure in the Szego˝ class.
We assume that the monic Sobolev orthogonal polynomial sequence {	˜n} satis7es that
lim
n→∞
	˜n(z)
zn
=
1( 1z )
1(0)
uniformly on subsets K of the complex plane such that inf z∈K |z|¿, where ¡ 1 and 1(z) is the Szego˝
function of 1. Then we prove that the sequence of moments of measure 0, {cn}, satis7es that limn→∞ cn=0,
and therefore 0 is a continuous measure.
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1. Introduction
The asymptotic behavior of the orthogonal polynomials (OP) with respect to Sobolev inner prod-
ucts on the circle is a very interesting subject and it has been studied by several authors (see, among
others [1,8]). Recently, we have obtained in [2] the Sobolev Szego˝’s asymptotic theorem, that is, we
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have established the validity of the strong asymptotic formula for Sobolev orthogonal polynomials
on the unit circle in its natural setting. In that paper we consider a Sobolev inner product of the
following type:
〈f(z); g(z)〉s =
p∑
i=0
∫ 2
0
f(i)(ei)g(i)(ei) di(); z = ei; (1)
with i (i = 0; : : : ; p − 1) 7nite positive Borel measure on [0; 2] and p a measure in the Szego˝
class. If we denote by {	˜n} the sequence of monic orthogonal polynomials with respect to the inner
product (1), then it holds that
lim
n→∞
	˜n(z)
zn
=
p( 1z )
p(0)
uniformly on subsets K of C such that inf z∈K |z|¿ 1; (2)
where p(z) is the Szego˝ function of the measure p.
With respect to the extension of the above asymptotic formula up to the boundary and inside the
unit disk, we have proved in [4], when p=1, the following result. If both the CarathFeodory function
of 0 and the Szego˝ function of 1 have analytic continuation to {|z|¡ 1=} with ¡ 1, then (2)
holds uniformly on subsets K of the complex plane such that inf z∈K |z|¿.
A nice and natural extension of this result appears in [3,5] for Sobolev inner products like (1)
with p derivatives (p¿ 1). If the CarathFeodory functions of i (i = 0; : : : ; p − 1) and the Szego˝
function of p have analytic continuation to {|z|¡ 1=} with ¡ 1, then (2) holds uniformly on
subsets K ⊂ C such that inf z∈K |z|¿.
In the present paper we study the necessity of the preceding hypotheses. We consider the inner
product (1) with p= 1 and we assume the analytic continuation of the Szego˝ function of 1 up to,
at least, |z|¡ 1= with ¡ 1 and that the asymptotic formula (2) holds true uniformly on subsets
K ⊂ C such that inf z∈K |z|¿. Then we prove that the sequence of moments of the 7rst measure
converges to zero and therefore 0 is a continuous measure.
2. Properties of the moments and OP in the standard theory
In the present paper we consider the Sobolev inner product (1) with p= 1:
〈f(z); g(z)〉s =
∫ 2
0
f(ei)g(ei) d0() +
∫ 2
0
f′(ei)g′(ei) d1(); z = ei
with 0 a 7nite positive Borel measure on [0; 2] and 1 a measure in the Szego˝ class with Szego˝
function 1(z) and we assume the analytic continuation of the Szego˝ function of 1 up to, at least
{|z|¡ 1=} with ¡ 1. We denote by {	˜n} the sequence of monic Sobolev orthogonal polynomials
and we assume that
lim
n→∞
	˜n(z)
zn
=
1( 1z )
1(0)
(3)
uniformly on subsets K of the complex plane such that inf z∈K |z|¿ with ¡ 1.
If we denote by {	n} the monic orthogonal polynomial sequence with respect to measure 1, we
know that limn→∞ ‖	n‖21 =m(1)¿ 0 (see [6]). Under our assumptions it is also well known that
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the coeHcients of the orthogonal polynomials {	n} are uniformly bounded and it holds that
lim
n→∞
	n(z)
zn
=
1( 1z )
1(0)
uniformly on compact subsets of |z|¿ (see [9]).
Next, we obtain two results corresponding to the standard theory, connected with measure 1.
Proposition 1. Let 1 be a measure in the Szego˝ class with Szego˝ function 1(z) having analytic
extension up to |z|¡ 1= with ¡ 1. If we denote by {dn} the sequence of moments of measure
1 then given R1 such that ¡R1 ¡ 1 then
|dn|¡Rn1
for all su<ciently large n.
Proof. Since lim supn→∞
n
√|	n(0)| = r6 ¡ 1 [9], if we consider the second kind polynomials
{ n} (see [6]), it is clear that lim supn→∞ n
√| n(0)| = r and therefore the Szego˝ function,  (z),
corresponding to the second kind polynomials has analytic extension up to |z|¡ 1=r.
Moreover, we know that
lim
n→∞	
∗
n(z) =
1(z)
1(0)
and lim
n→∞  
∗
n (z) =
 (z)
 (0)
uniformly on subsets K of the complex plane such that inf z∈K |z|¡ 1=r (see [6]), and therefore
lim
n→∞
 ∗n (z)
	∗n(z)
=
1(0)
 (0)
 (z)
1(z)
uniformly on subsets K of the complex plane such that inf z∈K |z|¡ 1=r.
(Recall that the reversed polynomials are de7ned by P∗(z) = zn JP( 1z ) if degP(z) = n).
On the other hand, it is well known that limn→∞  ∗n (z)=	∗n(z) = F(z) for |z|¡ 1, where F(z) is
the CaratheFodory function of measure 1 de7ned by F(z) = d0 + 2
∑∞
k=0 dkz
k [6].
Therefore, F(z) has analytic extension up to |z|¡ 1=r, which implies that lim supn→∞ n
√|dn|6
r ¡ 1. Hence the result is proved.
Proposition 2. Let 1 be a measure in the Szego˝ class with Szego˝ function 1(z) having analytic
extension up to |z|¡ 1= with ¡ 1. If we write
zn = 	n +
n−1∑
k=0
$n;k	k(z) (4)
then, given R1 such that ¡R1 ¡ 1 there exists Q¿ 0 and a positive integer N1 such that
|$n;k |¡QRn−k1 for n− k¿N1 and |$n;k |¡Q for n− k ¡N1.
Proof. From (4) we obtain
|$n;k |= |〈z
n; 	k〉1 |
‖	k‖21
6
|〈zn; 	k〉1 |
m(1)
:
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We write 	n =
∑n
k=0 an;kz
k with an;n = 1 and take into account that there exists a positive constant
M such that |an;k |¡M ∀n; ∀k.
If we apply Proposition 1 we get that given R1 with ¡R1 ¡ 1 there exists N1 such that |dn|¡Rn1
for n¿N1. Therefore
|$n;k |6
|〈zn;∑kj=0 ak;jzj〉1 |
m(1)
¡
∑k
j=0 |dn−j‖ak;j|
m(1)
¡
M
∑k
j=0 R
n−j
1
m(1)
¡Q1Rn−k1
if n− k¿N1.
It is straightforward from (4), that the 7rst coeHcients $n;k for n− k ¡N1 can also be bounded.
Thus |$n;k |¡Q2 if n− k ¡N1 and therefore the result is true if we take Q =max {Q1; Q2}.
3. The main result
Let us consider the following sequence of polynomials {Pn} de7ned by
Pn = 	˜n +
n−1∑
k=0
$n;k 	˜k ; (5)
where the coeHcients $n;k are given in (4).
Proposition 3. Let us consider the Sobolev inner product (1) with p=1 and assume that condition
(3) holds. Then
lim
n→∞(Pn(z)− z
n) = 0
uniformly on the unit circle.
Proof. Since limn→∞ (	˜n(z)− 	n(z))=zn = 0 uniformly for |z|= 1, then given )¿ 0 there exists N2
such that for each k¿N2 and z with |z| = 1 it holds that |	˜n(z) − 	n(z)|¡). From Proposition
2 we know that for a 7xed R1, ¡R1 ¡ 1 there exists Q¿ 0 and N1 such that |$n;k |¡QRn−k1 if
n− k¿N1 and |$n;k |¡Q for n− k ¡N1.
On the other hand, from (4) and (5) we have
|Pn(z)− zn|= |	˜n(z)− 	n(z) +
n−1∑
j=0
$n;j(	˜j(z)− 	j(z))|:
Therefore, if we take n¿N1 + N2 and such that R
n−N2+1
1 ¡) we get for each z with |z|= 1
|Pn(z)− zn|6 |	˜n(z)− 	n(z)|
+
n−1∑
j=n−N1+1
|$n;j‖	˜j(z)− 	j(z)|+
n−N1∑
j=N2
|$n;j‖	˜j(z)− 	j(z)|+
N2−1∑
j=0
|$n;j‖	˜j(z)− 	j(z)|
¡)+ )Q(N1 − 1) + )Q(RN11 + · · ·+ Rn−N21 ) + Q(Rn−N2+11 + · · ·+ Rn−11 )T;
where T =max|z|=1{|	˜j(z)− 	j(z)|}.
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Hence,
|Pn(z)− zn|¡)+ )Q(N1 − 1) + )Q R
N1
1
1− R1 + QT
Rn−N2+11
1− R1
¡)
(
1 + Q(N1 − 1) + Q R
N1
1
1− R1 +
QT
1− R1
)
= )K:
Now, we are in conditions to prove the main result.
Theorem 1. Let us consider the Sobolev inner product (1) with p = 1 and assume that condition
(3) holds. If we denote by {cn} the sequence of moments of measure 0, then limn→∞ cn = 0.
Proof. Given R1 with ¡R1 ¡ 1 we know from Proposition 2 that the coeHcient $n;0 in relation
(5) is such that |$n;0|¡QRn1 for n¿N1, which implies that limn→∞ $n;0 = 0.
On the other hand,
|$n;0 − cn|= |〈Pn; 1〉s − cn|= |〈Pn; 1〉0 − cn|= |〈Pn − zn; 1〉0 |:
Hence
|$n;0 − cn|=
∣∣∣∣
∫ 2
0
(Pn(z)− zn) d0()
∣∣∣∣6
∫ 2
0
|Pn(z)− zn| d0()
and given )¿ 0 there exists N such that for n¿N∫ 2
0
|Pn(z)− zn|d0()¡)c0:
Therefore, limn→∞ ($n;0 − cn) = 0, which implies our result.
Corollary 1. Under assumptions of the preceding theorem it holds that 0 is a continuous measure.
Proof. Since
lim
n→∞
|c0|+ 2(|c1|2 + · · ·+ |cn|2)
2n+ 1
= 0;
applying Wiener’s theorem (see [7]) we get that 0({ei}) = 0 ∀∈ [0; 2].
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